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A law for conservat ion of energy is used in solving a sys tem of equations descr ibing the one- 
dimensional motion of an idealIy plast ic  incompress ib le  shell exposed to an expanding poly-  
t ropic  gas in equil ibrium. Analytic express ions  are  obtained for  determining the s t r e s s  and 
veloci ty  fields in the shell as a function of the displacement  of the internal shell boundary.  

The behavior  of an ideally plast ic  incompress ib le  shell exposed to p r e s s u r e  somewhat  exceeding the 
yield s t r e ss  of the mate r ia l  was considered in [1-8]. The motion problem for an ideally plast ic shell ex- 
posed to expanding detonation products  in equil ibrium lacks an analytic solution in the form of finite de- 
pendences on coordinate and t ime.  However, it can be solved if we take the magnitude of the external  (b) 
of internal (a) radius of the shell as the independent var iable .  

Let  us consider  in the figure a plane deformation of a cyl indrical  shell exposed to detonation products  
obeying the expansion law 

pVk=const, (1) 

where p and V are the p r e s s u r e  and specific volume, respect ively ,  of the detonation products .  The s t r e s s e s  
ar ,  a0, and az a re  principal .  The internal  and external  initial shell radii a re  denoted by a o and b0, r e spec -  
tively, and the cur ren t  radii ,  by a and b. 

We write the law of conservat ion of energy  of the sys tem in the form 

E + W + Ef=Eo 

or  per  unit of length 

+ I~ -i-/~f=~, (2) 

where E 0 and E are  the initial and cur ren t  internal energies  of the detonation products ,  respect ively ,  W is 
the shell  kinetic energy,  and Ef is the work of plast ic  deformation pe r  unit of length. The kinetic energy 
of the detonation can be neglected. We will consider  in detail each t e rm in Eq. (2). 

1. Equation (1) implies that 

p=po(ao/a) 2k, (3) 

where P0 = p0D2/8 is the instantaneous detonation p re s su re ,  Do is the density of the explosive, and D is the 
rate  of detonation. 

The internal energy for an ideal g a s  is given by 

E=pV/(,~- l), 
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where V is the volume of the detonation products  per  unit of length, or using Eq. 
(3) and taking into account that 

we obtain 

Since 

we have 

V=~a s, 

E ~ g p ~  

(k-- t) a 2(k-t) " 

Eo = ~poa2o/(k - -  1), 

E-=E/Eo=(ao /a )  2(h-t). 

The equation for  the shell  kinetic energy  will be  wri t ten in the f o r m  

(4) 

W = S (v~/2) dm, 
w% 

where dm = 27rY0rdr; v is the radial  veloci ty  of shell par t ic les ,  and T0 is the density of the shell mater ia l .  

Assuming the shell mater ia l  to be incompress ib le ,  we determine the integral  of the continuity equa- 
tion, 

v=aa / r ,  (5) 

where r is a Euler  coordinate and ~ = da/dt  is the speed of the in ter ior  surface of the shell.  

Because of Eq. (5) we have 

W= nyoa~a21n(b/a); 

~V= W / E o = ( k  - -  l)'%a~(a/ao)21n(b/a)/po �9 

(6) 

We denote by (v> the mean shell velocity, determined f rom the law of conservat ion of momentum, 

<v> M = .f vdm. 
m 

where M is shell mass  pe r  unit of length. The equation for relat ive kinetic energy takes the form 

~V=(k -- t)%[(bo/ao) ~ - -  1 ]<u>~/2po. (7) 

3. We write the equation for the work of plast ic  deformation in the form 

ei 

U 0 

where ai and ei are  s t r e s s  and deformation intensities,  respect ively,  and U is shell volume per  unit of 
length. 

Taking the plast ici ty condition in the form 

r215 (8) 

where Y is the dynamic yield s t r e ss  (u-2/3~--for  the M i s e s - H e n k e  plast ici ty condition and ~ = 1 for the 
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Saint  V e n a n t - T r e s k  p l a s t i c i t y  condit ion) ,  and neg lec t ing  e l a s t i c  d e f o r m a t i o n s .  

b 

Ef = V'3 • S e~rdr. {% 

We have 

(9) 

We find the tangent ia l  l o g a r i t h m i c  de fo rma t ion  

e 0 =  - - l n ( l - - u l r ) = - - l n [ i - - ( a ~ - - a ~ ) / r ~ ]  1/2, 

where  u is the r ad i a l  d i s p l a c e m e n t .  When e0 = - e r '  i t  fol lows that  

Subst i tu t ing ei in Eq.  (9) and in tegra t ing ,  we obtain  

E f = ~• [a 2 In (b/a) + b~ In (b/bo) --  a~ In (b/ao)]; 
(10) 

f=(k  - -  t)• 

w h e r e  A = (a/ao)21n(b/u) + (bo/ao)21n(b/bo)-ln(b/ao). Subst i tut ing Eqs .  (4), (6), and (10) in Eq. (2), we obtain 

a =[Po i--(aola) 2 ( ~ - i )  - -  ( k  - -  i)uYAlpo ]ilz 
- i i g (~ -7g~ . )~% (b/~) ' �9 (11)  

The  ini t ial  condi t ions  a r e  g iven  by a(0) = a 0 and a(0) = 0. Equat ion  (11) t oge the r  with Eq~ (5) and the i n c o m -  
p r e s s i b i l i t y  condi t ion b 2 -a2= b~ -a~ al lows us to d e t e r m i n e  the m a s s  ve loc i ty  in any r ad ia l  shel l  s ec t ion  as 
a funct ion of the pos i t ion  of i ts  in t e rna l  b o u n d a r y  a .  

To d e t e r m i n e  the s t r e s s  s ta te ,  we wil l  use  the E u l e r  equat ion 

(az a~, ~ 0%. % -- %- (12) 
Yo - E  ~' v'~r ] = Or r 

Subst i tut ing Eq.  (5) and the de r i va t i ve s  0v/Ot and Ov/0r  in Eq.  (12) and a lso  us ing  the p l a s t i c i t y  condi t ion 
of Eq.  (8), we obtain 

~r r r i ~3 

w h e r e  h" -- d2a/dt  2 is the a c c e l e r a t i o n  of the i n t e r i o r  s u r f a c e  of the shel l .  In t eg ra t ing  Eq.  (13) ove r  r b e -  
tween a and the c u r r e n t  value  of  r and taking into accoun t  the boundary  condi t ion on the in t e rna l  s u r f a c e ,  
a r = - p  at r = a ,  we obtain the equat ion 

F (14) 

which,  when us ing  the condi t ion on the ex te rna l  bounda ry  crr = 0 at  r = b,  t akes  the f o r m  

Qa2a~ 
- -P+•  Y~ l n +  -{- ?~ ~ 2" = 0 .  (15) ) 

Using  Eqs .  (11) and (15), we find in Eqo (4) the a c c e l e r a t i o n  of the in t e rna l  s u r f a c e ,  

ayolniblaf ~f-3a?0 Po (k_t)?o(alao)~ln(bta) a ~ 2b~ln(b/a) 2aln(bla)'" (16) 

Subst i tut ing Eqs .  (11) and (16) in Eq. (14), we obtain 
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(ao/a)  2k In (r /b)  I - -  (ao/a) 2 ( k - t )  - -  (k - -  1) ~r 2 i - -  ~ -~ ( -~ )  ~-~F - -  t 
~r --~ P0 In (b/a)  -~" Po 2 (k - -  i) (a/ao)~ in (b/a) 

(17) 

Thus ,  if we know the d i s t r ibu t ion  of the rad ia l  s t r e s s  component  a c r o s s  the shell ,  we m a y  d e t e r m i n e  
the two o the r  componen t s  ~0 and a z of the s t r e s s  t en so r ,  if we use  the p l a s t i c i t y  condi t ion  of Eq.  (8) and the 

p l a n e  de fo rma t ion  condi t ion  ez = 0 (ez is the axial  de fo rma t ion  component ) .  

We will  u se  E q s .  (2), (4), (7), and (10) to d e t e r m i n e  the m e a n  shel l  ve loc i ty  ( v ) .  C a r r y i n g  out the 
t r a n s f o r m a t i o n s ,  we obtain 

<v>~ = 2p ~ 1 - -  (ao /a )  2 ( k - i )  - -  (k . - -1)  u Y A / p o  (18) 
('k ~ ~ 70 [(bo/ao) ~ - -  tl 

Since P0 = P0 D2/8 and se t t ing  k = 3, we have 

D z  = I - -  - -  2 •  ( b o / a o ) 2  _ I ' 

where  fl  : o o a ~ / [ T o ( b ~  - a~)] is the r a t i o  of explos ive  m a s s  to she l l  m a s s .  

The  s e c o n d t e r m t a k e s  into account  e n e r g y  l o s s e s  due to p la s t i c  de fo rma t ion .  We wr i te  this t e r m  in 
the f o r m  

2• a 2 In (b/a) § b 2 In (b/bo) - -  a 2 In (b/ao) (19) 
Up = 

Let  us  a s s u m e  tha t  the s t r e s s  d i s t r ibu t ion  is i nva r i an t  th roughout  the shel l  th ickness  in the c o u r s e  
of its expans ion .  This  f o r m a l l y  m e a n s  that  we m u s t  se t  a = b and a 0 = b 0 in Eq.  (19)~ Then  Eq.  (19) b e -  
c o m e s  an equal i ty ,  

2 2• 
Up .~- 70D----~ in W 

and Eq. (18) takes the form 

D--~ --  ~ -  [ I-~) ] - v - ~  ' n - c 0  �9 
(2O) 

If we take the T r e s k  condi t ion as  the p l a s t i c i t y  condit ion,  Eq~ (20) b e c o m e s  

D '  8 L ~ a ] J 7o Dz a 0, 

which was  g iven in [6]. 

Ca lcu la t ions  c a r r i e d  out  us ing  Eqs .  (11), (16), and (17) and a n u m e r i c a l  method  [8] d e m o n s t r a t e d  that  
the r e s u l t s  co inc ide  to within a n u m e r i c a l  approximat ion~ 
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